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Abstract. We study the existence of stationary classical solutions of the in- 
compressible Euler equation in the plane that approximate singular stationary 
solutions of this equation. The construction is performed by studying the 
asymptotics of equation — e 2 A.u £ = (u e — q— ^ log with Dirichlet bound- 
ary conditions and q a given function. We also study the desingularization of 
pairs of vortices by minimal energy nodal solutions and the desingularization 
of rotating vortices. 



1. Introduction 

1.1. Singular solutions to the Euler equation. The incompressible Euler equa- 
tions 

V • v = 0, 
v t + v ■ Vv = — Vp, 

describe the evolution of the velocity v and the pressure p in an incompressible flow. 
In R 2 , the vorticity uj = V x v = d\V2 — cfevi of a solution of the Euler equations 
obey the transport equation 

L) t + v • VciJ = 

and the velocity field v can be recovered from the vorticity function u through the 
Biot-Savart law 

1 -x 1 - 



2vr \x\ 2 ' 

where x = (x2,—xi). Special singular solutions of the Euler equations are given 
byS 

fc 

i=l 

corresponding to 



'(*) = -£ 



Kj (X - Xj(t))- 

\x-Xi(t)\* 
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1 One needs to give a meaning to the equation in this case, since the velocity field generated 
by a vortex point is singular precisely on that vortex point. It consists in considering that each 
vortex point is transported only by the velocity field created by the other vortex points (see e.g. 
S.Schochet |40j for details and further discussion). 
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and the positions of the vortices Xi : R — > R 2 satisfy 

• ( .s \^ *>j [Xj{t) - Xjjt))^ 

\ Xi {t)- Xj {t)\ 2 ' 

In terms of the Kirchhoff-Routh function 

the positions obey Kirchhoff 's law 

(1) KiXi = (V^W)^, 

which is a Hamiltonian formulation of the dynamics of the vortices. 

In simply-connected bounded domains C R 2 , similar singular solutions ex- 
ist. If one requires for example that the normal component of v vanishes on the 
boundary, the associated Kirchoff-Routh function is then given by 

1 k K 2 

(2) W{xi,...,x k ) = ^ KjKjG(xj,Xj) + -±H(xj, Xj) t 

where G is the Green function of — A on with Dirichlet boundary conditions and H 
is its regular part@ One can also prescribe a condition v n on the outward component 
of the velocity on the boundary. Since we are dealing with an incompressible flow, 
the boundary data should satisfy J Qn v n = 0. Let vo be the unique harmonic field 
whose normal component on the boundary is v n ; i.e., Vq satisfies 




where V x (u,v) — d\v — d^u and n is the outward normal, then the positions of 
the vortices are obtained by the modified law 



in = (V^W)^ + 



v - 



Since f2 is simply-connected v can be written v = (V^o) where the stream 
function t/'o is characterized up to a constant by 



(3) 




o in n, 

v n on dQ, 



where denotes the tangential derivative on dfl. The Kirchhoff-Routh function 
associated to the vortex dynamics becomes then 

1 - K 2 k 

(4) W( Xl , ...,x k ) = - ^KtKjGixi^Xj) + ^ ~^ H ( x ii^i) + ^ Kiipo(xi), 

i^j i—1 i—1 

see C.C.Lin [30] (who uses opposite sign conventions). 



2 The function x t-* H(x, x) is called the Robin function of ft. 
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1.2. Desingularization of vortices. One way to justify the weak formulation for 
point vortex solutions of the Euler equations is to approximate these solutions by 
classical solutions. This can actually be done, on finite time intervals, by considering 
regularized initial data for the vorticity (see e.g. C . Marchioro and M. Pulvirenti 

Critical points of the Kirchhoff-Routh function W give rise to stationary vortex 
points solutions of the Euler equations. As noted above, these weak stationary 
solutions can be approximated by classical solutions of the Euler equations. These 
do not need be stationary solutions though, and one can wish to approximate the 
stationary vortex-point solutions by stationary classical solutions. In the simplest 
case, corresponding to a single point vortex in a simply-connected domain, we 
obtain the following 

Theorem 1. Let Q C R 2 be a bounded simply- connected smooth domain and 
v n : dil ->Re L s (dfl) for some s > 1 be such that J dQ v n = 0. Let k > be given. 
For e > there exist smooth stationary solutions v e of the Euler equation in fl 
with outward boundary flux given by v n , corresponding to vorticities u> £ , such that 
supp(cjg) C B(x s , Ce) for some x £ € £1 and C > not depending on e. Moreover, 
as e — > 0, 




and 

W{x E ) -> supW(x). 

Other situations, corresponding to pairs of vortices of opposite signs, multiply- 
connected bounded domains or unbounded domains are discussed in Section [6l 

We are aware essentially of two methods to construct stationary solutions of the 
Euler equations that we call the vorticity method and the stream-function method. 

The vorticity method was introduced by V.Arnold (see [U Chapter II §2]), 
and was implemented successfully by G.R. Burton [14] and B.Turkington [42]. It 
roughly consists in maximizing the kinetic energy 

i I I uj(x)G(x,y)uj(y)dxdy + j ip (x)uj(x) dx + i f |V^o| 2 , 
1 Jn Jn Jn 1 Jn 

under some constraints on the sublevel sets of co. The function cu is the vorticity of 

the flow and a stream function ip ls the solution to 

C — Aip = oj in fi, 

\ i> — V>o on <9fi. 

Considering suitable families of constraints on the sublevel sets of w, one can obtain 
families of solutions converging to stationary vortex-point solutions. The differen- 
tiability of those solutions is not guaranteed (the solutions correspond to vortex 
patches of constant density) . 

The stream-function method starts from the observation that if ip satisfies 

-Ayj = fty), 

for some arbitrary function / G C 1 (R), then v = (Vi/')" L and p = F{tp) — ^IV^I 2 , 
with F(s) = J Q S / form a stationary solution to the Euler equations. Moreover, the 
velocity v is irotational on the set where f(ip) = 0. 

We now set q = —ipo and u — ip — V'o, so that u = on dfl and — Au = f(u — q) 
in If we assume that infn q > and f(t) = when t < 0, the vorticity set 
{x : f(ip(x)) > 0} is bounded away from the boundary. When / satisfies also some 



Here and in the sequel, smooth means Lipschitz and is sufficient for our goals. 
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monotonicity and growth conditions, £1 = R+ and q(x) = Wx \ +d with W > and 
d > 0, J.Norbury [36] has shown the existence of solutions to — Au = vf{u — q), 
where v > is a Lag range multiplier a priori unknown by minimizing Jq|Vw| 2 
under the constraint 



F(u -q)= fJ, 

n 

2 



in -ffg(fi) when f2 is the half-plane R+. M.S.Berger and L.E. Fraenkel [10] have 
obtained corresponding results for a bounded domain C R 2 , and they began 
studying the asymptotics for variable fi and q, but the lack of information on v 
remained an obstacle. 

The unknown v can be avoided by minimizing J n i|Vu| 2 — -pF(u — q) under 
the natural constraint J n ||Vu| 2 — \uf(u — q) = 0. Yang Jianfu [46] has used this 
approach in R 2 ^ with q(x) — Wx\ + d and has studied the asymptotic behavior of 
the solution u e when e — > 0: If 

A e = {x £ Ri : f(u £ -q)>0}, K s = \ [ f(u £ - q), 



e 2 



n 



and x 6 S A 6 , then diam^4 e — > 0, dist(x £ , SR^) —* 0, and 

v e 

G(;X £ ) ^0 

in Wi 'c (R+), for r G [1, 2). Li Gongbao, Yan Shusen and Yang Jianfu [28] obtained 
a similar result on bounded domains, with the additional information that q{a £ ) — > 
mino q. These results are in striking contrast with the observation made at the 
beginning that the dynamics of the vortices is governed by the Kirchhoff-Routh 
function W defined by (U , which implies that stationary vortices should be localized 
around a critical point of a; ^-H(x,x) — nq(x). 

In fact, the results in [28,46j do not answer the question about the desingulariza- 
tion of stationary vortex point solutions to the Euler equation. Indeed, in the case 
of bounded domains for example, their solutions satisfy || Vu||£ 2 = (9(|loge| x ), so 
that testing the equation against the function min(u e , q) and using the fact that q 
is harmonic and nonnegative, we have 



K £ ming<l f f(u £ -q)= f |V^| 2 = 0(|loge| 



vc e|2 - ^i/'n — -i- 1 > 

in\Ae 

i.e. K e — * 0. In some sense, the family of solutions u e provides a desingularization 
of point-vortex solutions with vanishing vorticity. The asymptotic position is con- 
sistent with the fact that when the vorticities tend to zero, the term J2i=i ^iV'oC^i) 
becomes dominant in the Kirchhoff-Routh function ((!]). 

In order to desingularize point- vortex solutions with non-vanishing vorticity, M. S. 
Berger and L. E. Fraenkel |10[ Remark 2] suggest that q should grow like logi. This 
brings us to the study of the problem 

{pe) |-A«' = i/(«'-0 intt, 

I u e = on <9fi, 

where q s = q + ^ log K 

In Section^ we study {V e ) in a bounded domain: we first construct solutions and 
then analyze their asymptotic behavior. Theorem Q] is an easy consequence of the 
results in Section [H In Section [3] we present and extension to multiply-connected 
domains, while in Section IH we present an extension to unbounded domains which 
are a perturbation of a half-plane. In Section [5] we modify slightly (V e ) in order to 
construct desingularized solutions for two point vortices of opposite signs. 
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As a final remark, our results seem connected with the work of M. del Pino, 
M. Kowalczyk, and M. Musso [18] on the equation 

-Ait = e 2 K{x)e u 

for which the energy concentrates in small balls around points x\ , . . . , a;| . These 
points tend to a critical point of the function —J2i=i 2\ogK(xi) — 8TrH(xi,Xi) — 
87rG(xj, Xj). The connection is clear when one rewrites their equation as 
— Au — exp(u + log if — |^ log - ). Other related work include the study of the 
equation — Am = u p as p — > oo by P. Esposito, M. Musso and A. Pistoia [I9ll20| . and 
the recent work of T. Bartsch, A. Pistoia and T. Weth [5] in which systems of three 
and four vortices are desingularized by studying the equation — Au = e 2 sinhu. In 
all the references, whereas the vorticity concentrates at points, its support does not 
shrink as e — > 0. 

We also bring to the attention of the reader that there is a similar situation with 
similar results for three-dimensional axisymmetric incompressible inviscid flows by 
vorticity methods [13,23] and stream-function methods [HI5}I47| ■ However we are 
not aware of a counterpart of the present work for three-dimensional axisymmetric 
incompressible inviscid flows. 

Acknowledgements. This work was initiated during a visit of the second author 
at Laboratoire Jacques-Louis Lions of Universite Pierre & Marie Curie. The authors 
wish to thank Franck Sueur for fruitful remarks following a first version of the 
manuscript. 

2. Single vortices in bounded domains 

In this section, fl C R 2 is a bounded simply-connected smooth domain, / : R — > 
R is the real function defined by f(s) — s+ for some 1 < p < +oo and where 
s + = max(s,0), k > is given as well as q € W 1,r (0) for some r > 20 We 
will consider solutions of the boundary value problem $P E \ where e > is a real 
parameter. The solutions we consider are the least energy solutions obtained by 
minimizing the energy functional 

(0 *■<»>- / (T -><-«) 

over the natural constraint given by the Nehari manifold 

7V e = {u G Hg(Cl) \ {0} : (d£ £ (u),u) = 0} , 

where F(s) — ^rj-s+ +1 is a primitive of /. It is standard to prove the (see e.g. [HI 
Theorem 2.18]) 

Proposition 2.1. Assume that q e > on fl, so that Af e ^ 0, and define 

c e = inf £ e (u). 

Then, there exists u e £ N e such that £ £ (u e ) — c £ , and u £ is a positive solution of 

Note that q is bounded since r > 2, and therefore q s > provided e is sufficiently 
small. 



4 Notice that for the proof of Theorem^ we only require a harmonic function q but the proofs 
of Theorems [7] and [9] require more general q. 
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Our focus is the asymptotics of u s when e — ► 0. In order to describe the asymp- 
totic behavior of u e , we introduce the limiting profile U K : R 2 — > R defined as the 
unique radially symmetric solution of the problem 

( - AU K = f(U K ), 
For every k > 0, there exists p K > such that 

(V P M ifyeS(0,p K ), 
^ (?y)= f logfj if y eR 2 \B(0,p K ), 

where F p : -6(0, p) — > R satisfies 

r-AV p = F; inB(0,p), 
j V p = on 55(0, p). 

2 

One can show that k = jp p- 1 , for some constant 7 > depending on the value 
of p. 

The Kirchhoff-Routh function W for one vortex of vorticity k is defined by 

K 2 

W(x) = —H{x,x) - nq{x). 



Let us also define the quantity 

.2 , -ivr,,, |- <': -' 

While the function W depends oniefi and on k, the quantity C only depends on 
k and on p. 



c- [ (E^E.iEl). 



We set 



A e = |x e n : u £ (x) > g £ (x)|, 



(6) 



k = / or, 
/n 



P = Pk= , 

and respectively refer to these as the vorticity set, the vorticity, the total vorticity, 
the center of vorticity, and the vorticity radius. 
We will prove 

Theorem 2. As e — > 0, we have 

u s = U K e(—) + ^(^-\og—+H{x s ,-)) + (1), 

in Wf^(fi), in Wo' 2 (f2), and in L°°(0) ; w/iere 

k £ = k + -^(qix 6 ) - kH{x £ ,x £ ) - log — ) + odlogef 1 ), 

lOg - V l-K p K ) 

and 

W(x E ) -» supW(a;). 
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One also has 

B(x £ ,f £ ) C#C B(x £ ,r £ ), 
with f £ = ep K + o(e) and r £ = ep K + o(e). Finally, 

g £ (u £ ) = £- log i - + C + o(l). 

Since W(a;) —> — oo as a; — * dCl, by Theorem up to a subsequence, x £ — > 
a:* € fi. Combined with standard elliptic estimates this yields the convergence 
w e -> kG(j:„ • ) in Wj' p (ft) for any p < 2 and in C& c (fi \ {a;*}) for any fc G N. If 
dfl is smooth enough, then one also has convergence in C^ oc (fl \ {a;*}}). 

The proof of Theorem [2] is twofold. First, in Corollary 12.41 we prove a sharp 
upper bounds for the critical level c £ . Then, in Proposition 12.51 we show that any 
solution satisfying this upper bound needs to satisfy the asymptotic expansion. 



2.1. Upper bounds on the energy. We will derive upper bounds for c e by con- 
structing elements of N £ similar to the asymptotic expression of Theorem [2l 

Lemma 2.2. For every x £ Cl, if s > is small enough, there exists 

k £ = k+ ^t{i^) - kH (x,x) + ^ io g^) + °(i io g £ r 2 )) 

such that, if 

u £ {x) = U k J^—^) + k £ (^-\og — + H(x,xj), 

then 



Moreover, we have 

A £ := | a: : u £ {x) > q(x) + ^- log-| C B(x,f £ ), 

with f £ = 0(e). 

Proof. For a £ R, define 



Llog^ + H^xY 



P £ ' a = pk'-°, 



u £ ^{x)=U k ,.,(^^-)+k £ -(^\og-^—+H{x,x)). 

\ e J \2ir spue, <, I 



First note that when e > is sufficiently small, u e ' a {x) = k a>s G{x,x) in a neigh- 

£ W ' (fi) and we can dc 

g £ (a) = (d£ £ (u £ -°),u £ - a )- 



borhood of dQ, so that u £ ' a £ W 

and we can define 



s 
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Among the terms involved in ff e (c), we may already compute 
\Vu^\ 2 = [ \v{U k ^{^) + k^H{x,-))\ 2 

+ {k^f [ \VG(x,-)\ 2 

Jn\B(£ : p ft e,<r e ) 



f \VU k ^\ 2 + 0(e) 



' B{0,p R e,<r) 

+ (^) 2 (t- 1o s + H & * ) + °( £ )) 

\VU k ,,,\ 2 + k E ' a (q e {x) + o) +0(e). 

In order to estimate the second term involved in g e {cr), namely p- J a f(u £ 
q e )u s ' tT , we first claim that 

(7) i £ ' ff : u £ <°(x) > q £ (x)} C B(x,r £ ), 

with r e = 0(e), Indeed, let x £ A £ - a \ B(x, p £,a 's). One has, by definition of ii £ ' 
and of k £,ct , 

a iog \ + h^\^i\ + h{£ > x) ) > q{x) + iog ? 

so that 

2_ log I + ^ log _±_ +i ^) log I + jff(M) 

( 8 ) Z 1 ^ 



log - + g(x) log - + + cr 



Since g and H (x, •) are bounded functions, one obtains that 

^^i + OOloger 1 ), 



1 log^ ^ 1 



Klog - 

e 



and the claim is proved. We deduce from Q, that for every x £ A £ ' a 

u e ' a (x) - q £ (x) = U R e,„ (^^) + a + 0{e). 
We may now estimate 

e Jfl e JA € -<* 



A' 



t J A e ' a 



' A s * 

f(U A ...+<T)U h .,.+0{e) 

R 2 



R 2 



+ lQ g ifc + # (*> £ ) + °( £ )) ( / /(^ + + °( £ )) 

+ {^g\+q{x) + a) [ f(U^+a)+0(s\loge\). 

JR 2 
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Summarizing, we have 

g%a) = log \ (k^ - J ^ f(U^ + a)) + 0(1) 

= £ log \ ( / a f(U K ) - f(U K + a)) + 0(1). 



Since g £ is continuous and a ■ ( J R2 f(U K ) — f(U K +a)j < when a ^ 0, there exists 
<j £ such that c?(cr e ) = and a £ — > as e — > 0. One then sets k £ = K £:Cre . □ 

Lemma 2.3. For every x € fl, we have 

K 2 1 

c £ < — log- - W(x) +C + o(l) ase^O. 

~~ 47T £ 

Proof. By Lemma [2T2| w e € A/" £ , so that c e < £ e (-u e ). We compute the energy of u £ 
as follows. First, 

Vu £ | 2 = / u £ Au £ 

- [ U K AU K + {k £ f (±- log - + H(x, x)) + o(l) 

JR2 V27T e / 

f K 2 1 ft 2 

/ |V(C/ K )+| 2 + — log - + 2nq(x) - k 2 H{x,x) + — logp K + o(l). 
7 R 2 2vr e 2?r 

1 / F(u°-f) = ±[ F{u £ -<f) 
£ Jn £ JA' 

= 72 I. F{u £ -q £ (x £ ))+o{l) 



Next, 



F(U p ) + o(l), 

R 2 

and the conclusion follows from the definitions of W and C. □ 
Corollary 2.4. We /iai>e 

K 2 1 

c £ < — log--supW(x)+C + o(l). 

2.2. Asymptotic behavior of solutions. The main goal of this section is to 
prove 

Proposition 2.5. Let (v e ) be a family of solutions to lj"P g |) such that v £ ^ 
(9) £^)<^logi + 0(l), 

as e — > 0. Define the quantities A £ , oj £ , k £ , x £ and p £ for v £ as in (jGj) for u £ . Then 
v e = U K .{=f) + k £ (±- log -L + ff(af , .)) + (i), 

m Wj^(O), in Wj' 2 (ft), and in L°°(Q), where 

k £ = n+ -^-(qix 6 ) - kH(x £ ,x £ ) - ^log— ) +o(|log£p 1 ), 
log I V 2n p K J 

In particular, we have 

S%v e ) = log - - W(x £ ) +C + o(l) 
47T e 
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and 

B(x £ ,f £ ) cA £ C B(x £ ,r e ), 
with f £ — ep K + o(e) and f £ = ep K + o{e). 

In other words, v £ satisfies the same asymptotics as the one stated in Theorem[2] 
for u £ except for the convergence of x £ . 

In the sequel, v £ denotes a family of nontrivial solutions to \V £ \ verifying ((9j). 
We divide the proof of Proposition 12.51 into several steps. 



2.2.1. Step 1: First quantitative properties of the solutions. In this section, we 
derive various types of estimates for v £ . 

Proposition 2.6. We have, as e — > 0, 

(10) £ 2 (^) = 0(|loger 1 ), 

(11) / \V(v £ -q £ )\ 2 = 0(l), 

(12) 1 / F(v £ -q £ ) = 0(l), 



(13) / |V^| 2 <f log i + 0(1), 

(14) f oj £ < K + Odlogep 1 ). 

Jn 

Proof. First note that for e > sufficiently small, 

(15) (l__l_)|j V ^<^). 
Indeed, 

£ £ (v £ ) = l [ Nv £ \ 2 -^- I ±f( v £ - q £ )( v £ -q £ ) + , 
z Jn P + 1 Jn £ 

and, by testing (V s ) against v e , 



Since (v e — (7 £ ) + < w e when q 6 > 0, and hence when e is sufficiently small, l|T5|) 
follows by subtraction. 

In order to obtain (|T0j) , first note that since q is bounded from below, for e 
sufficiently small, info 1e > 37 log |. By the Chebyshev and Poincare inequalities, 
it follows that 



\vaiuq eJ Jn 



Vv e 2 < 



|loge| 2 Jn |loge| 



where the last inequality is a consequence l|15p and ([9]). 
We claim that 

(16) / uj £ < C. 

Jn 

By testing (V s ) against mm(v e ,q e ) we obtain 

^ = I - 1 £ ) ^ T ~r — e / 4 f( v£ - 1 £ ) 

(17) Jo A" e 2 i" 1 ^'/- ./ 1 " 



' ; W| 2 + — — / Vw e Vg. 



info q £ Jq\a- info <f 
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In view of (|15|) . this yields 

and the estimate lfl6|) follows from assumption ((9j) . 
Testing now (V s ) against (v £ — q £ )+, we obtain 

1 

/ A e £ 

The Gagliardo-Nirenberg inequality (35J p. 125] yields 



(18) / |V(« e -<f)| 2 = / -(v £ ~ q £ f + +1 - j X7(v £ -q £ )Vq. 



(19) / ^(v s -q £ f + +1 <C [ ±(v s -q%[ I \V(v £ -q £ )\ 2 



A- 



so that 



^ |V( V £ - <f )| 2 < C(||^|| L1 + HV^IU^a.)) |V(« £ - <f )| 2 ) " 

<C'(jf jV^-g 6 )!*)*- 

Inequality (fTT)) can therefore be deduced from lfl6|) . and lfT2|) follows from (fT8l) , 
Finally, 

1/ |V« E | 2 =r(« e ) + 4/ F{v £ -q £ )-\f \Vv £ \ 2 

1 Jfl\Ae £ J A* 1 J A e 

log J + 0(1), 

so that (fl3| holds, and inequality lfl4|) then follows from (fi7| . □ 



Remark 1 . The use of the Gagliardo-Nirenberg inequality to obtain l|T9|) is the only 
step in our proof that requires / to be a power-like nonlinearity. 

2.2.2. Step 2: Structure of the vorticity set. We now examine the vorticity set A £ 
further. Since A £ is open, it contains at most countably many connected compo- 
nents that we label A £ ,iGl £ . If q were a harmonic function (e.g. if the only goal 
was to prove Theorem [T]) , one would deduce from the fact that u £ is a minimal 
energy solution that A £ is connected whenever q £ > 9. Theorem 3F], (3J3 Theo- 
rem 3.4], [2, Theorem 4], |4G[ Theorem 1], |28[ Proposition 3.1]; this would simplify 
considerably the analysis that we perform below. 

First we have a control on the total area and on the diameter of each connected 
component. 

Lemma 2.7. If e > is sufficiently small, we have 

(20) C 2 (A £ ) < Ce 2 
and, for every i € I s , 

(21) diam(Af) < Ce. 
Proof. Set 

e V £ 
w = . 

min a ^ q £ 

Since v £ — q £ on dA £ , we have, by lfl3|) . 

(22) * > » > 2 ^('°f 2 + °'"°^l) . l0g l + o(1) . 
cap(AMJ) / 2 f |Vtj 2 
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By Proposition I A. 1\ it follows that 



C 2 (Q) 1 

iog z^M- 2iog 7 +o(i) ' 



from which ([20|) follows. 
Similarly, we have 



2tt 2tt , 1 . 

^ 7Tr7^^ 1 °g-+ ( 1 )- 



cap(A?,fi) ~ cap(A £ ,fi) ~ °e 
It hence follows from Proposition IA.3I and the boundedness of Q that 

l0gC ( 1+ di^nW)^ l0g J + ° (1) ' 
which implies (J2TJ . □ 

Lemma 2.8. There exist positive constants 7 and c such that when e is small 
enough, for every i € I e , if 

(23) / \V(v e -q £ )f> 7 2 , 

JA\ 

then 

(24) £ 2 (At)>ce 2 , 

(25) diam(Af) > ce, 

(26) dist(Af,dO) > c, 



(27) / w e >c, 
wMe (|23j) does noi ZioW, i/ien /or every s > 1, 

(28) J f(v £ - gr < C\\Vq\\ s £ (At) £ 2 (Aiy+^-t\ 
where C > only depends on s > 1. 

Proof. Starting from lfT8l) , and applying the Sobolev and Cauchy-Schwarz inequal- 
ities we obtain 

(29) f |V(v £ - <f )+| 2 = / /( ^ ^ ^ V - g £ )+ - / Vq-V(v*-q s ) 
J A\ J A% e J A% 



<C—^[J Mif-f)+\' 

+ \\Vq\\ L 2 {At) \\V(v £ - q £ )+\\ L 2 {At) . 
By Lemma [2~7| we may choose 7 sufficiently small so that 

f 2 

r -2CT 2 (Af)' 
independently of e, and therefore if ([231 does not hold we obtain 

(30) i / Mv e -q s )+\ 2 < I |Vq| 2 . 

* J A" JA e 
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Applying successively Sobolev inequality, ([30| and Lemma [2771 we conclude 

J ac f(v £ - <f ) s < c(J \V(v £ - <f ) + | 2 ) ^£ 2 (AI) 

<C'(JjV q \ 2 )^C 2 {A-) 

<C''\\V q \\Z {Ai) C\At)^-^. 
Assume now that ([231 holds. Combined with ([291 and (fTTj) . this yields 

7 2< c fii_iJ +C || Vg || L2(Af) , 

Since || V^Hl^a 6 ) ^ as e -> 0, one must have C 2 {A e ) > ce 2 . The isodiametric 
inequality then yields f25"]) . 

Turning back to lf22|) , and using Proposition IA.31 we obtain 

logC ( 1 + !^fi^>)> log I + 0<l>, 

from which ([26| follows. 

Testing (V £ ) against (v e — q e )+XA i > applying the Gagliardo-Nirenberg inequality 
and using then (fTT)) . we have 



\^{v e ~q e )\ 2 <C{ u e + \\Vq"\\ LHA , ) )( \V{v^-f)\ 2 Y <C> / Ue , 
(cf. the proof of Proposition I2.6|) and the inequality l|27p follows. □ 



In view of Lemma 12.8} we can split the vortices in two classes: the vanishing 
vortices 

(31) V* = \]{a\ : ^jV(</-<f)| 2 < 7 2 }, 
and the essential vortices 

(32) E* = \J{AI : ^jV(^-<f)| 2 > 7 2 }. 

In view of ifTTj) . E £ contains finitely many connected components. We can thus 
split E e = Uj=i Ej} where £| are nonempty open sets which are not necessarily 
connected such that, up to a subsequence, 

, ^ dist(£|, EX) 
33 - J -» oo 

e 

as £ — > 0, and 

, , , diam(_Ef) 

(34) /9 = hmsup ^— ^ < oo. 

e->0 £ 

By definition of E £ and by ifTTj) . fc e is bounded as e — > 0. Finally, 

(35) Uminfdist(£'|,aO) > 0. 

£—►0 

We set 

Jo 



By JTH), we have 
(36) ^2Kt<K+0(\]oge\- 1 ). 



k" 
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Lemma 2.9. For every s > 1, we have 

\U\\ h . = o(e^-^). 
In particular, if -j > 1 — p{\ — then io% — > m L S (J1). 
Proo/. Set 

4 E = {i€l E : |^|VK-^)| 2 < 7 2 } 
We have, by Lemma [2751 and by ((20j) , 



iel:, 

< C£ 2 {V e )m&x\\Vq\\ 



M ^|| V ,||^ f) M^ 



^c'liv-zll^^,^ 1 ^)- 2 ^- 1 ). □ 

Lemma 2.10. For e > sufficiently small, k e > 1. 

Proof. Assume by contradiction that there is a sequence (e„) such that e n — > and 
fc e „ = 0. Take s > 1 such that £ > 1 -p{\ - I). Since u £n = u% n ->• in L s (fi) 
for some s > 1 by Lemma by classical estimates, [231 Theorem 8.15] w £n — > 
in L°°(f2). Therefore, when n is large enough, one would have u £n = and thus 
v Sn = 0. □ 

2.2.3. S^ep 5: Small scale asymptotics. We define 

= — / wf(x)xdx. 

By (|33"1) and (J33J) , xf S £1 and xf ^ x £ - when i ^ j and £ is small. We also define 

vt(y) =v £ (xf+ey) -q e {x\), 

and 

By lj35j) . for every i? > 0, uf is well-defined in B(0,R) when e is sufficiently small, 
and it satisfies there the equation 

(37) - Av! = f(vf - qi). 

Lemma 2.11. For every R > and s > 1, there exist s(R) > and C > such 
that for < e < s(R) we have 

(38) ||/« - q!)h. m o,R)) < C. 

Moreover, for 2p < \y\ < R, we have 
(39) 

vi{y)-^log^+q^x\)-^H{x\,xt)-Y,^G{xl,x^) < ± log J^L+ (1), 



2n °e\y\ 



and 

k y C 

~Jy 



as e —>■ 0, where C does not depend on R. 
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Proof. Consider = {J{A e 3 : A) n B{x\,eR) ^ 0}. By (J2TJ , C 2 (D S ' R ) = 0(e 2 ) 
as e — > 0, so that one obtains, by Sobolev's inequality, 

1 



/« " 9f ) s < 



B(0,R) 



which proves l|38|) . 
We have 



/(« S - <f ) s 

< cl||V( W £ - g^ll^o^i'*) = 0(1), 



(41) <(y) - / G{x\ + ey, z)lo £ (z) dz - <f{x\). 

Jo 

We first prove <[39|l . By a classical estimate [Ml Theorem 8.15], 

(42) / G(a:,zK(2)<fc < C|K|| L .. 
Since by Lemma [270^ lo% — > in L s (£l) for some s > 1, we have 

G(a:f + ey, z)w^(z) — > 



uniformly in y. We also have, since diamE"! = 0(e), \xf — Xj\/e — > oo, for j ^ i, 
and |y| < R, 



and 



G(x\ + ey, z)luj(z) dz = KjG(xf , Xj) + o(l), 
H(xf + ey, zM(z) dz = k\H (x\ , zf) + 0(e). 



Finally, we have 
f 1 1 /" 1 i 

/ log ;U)f (z) dz = / log- 

J q 2tt & \ x f + ey-z\ ^ ' J E . 2tt S \xf + e 



2tt ° g £|y| + 2tt 



ey - 2 
log 



u) e (z) dz 



\x\ + ey - z\ 



-ui e (z) dz. 



In view of (|34| . \xf — z\ < (1 + o(l))p£ when z € supp(wf) so that for sufficiently 
small e 



log- 



|ey + x\- z 



■cjf (z) dz 



< «i log ■ 



12/1 



12/1 ~P 



o(l). 



We now prove flU. By Lemma [2~9l £W* -> in L s (ft) for ± > ± - p(| - £). 
Choosing s > 2, by IplTj) and classical elliptic estimates, one obtains that 



eG(x, z)u>l(z) dz — > 

Jo 

as a function of a; in Wf^(fi) and thus in 0^.(0). Therefore, 

e\7G(xf + ey, z)u> £ (z) dz — > 
uniformly in y on compact subsets. One also has 

e\7G(x e + ey, z)u e (z) dz = e^ VG(xf , xf) + o(l) 



and 



/ 

Jo 



sVH(x e + ey, z)uj e Az) dz = eK £ i VH(x l ,x j ) + Q(e 2 ). 
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Finally, recall that f n w? = k\ and J n (xf — z)ujf(z) dz = 0, so that 

xf+ey-z y 

£ ] ~. [a W i \ Z ) dz - K i Tl2 = 

n \x? + ey-z\ J \y\ 2 



( x\ + ey - z ey \ 
. „ , K \x^+ey-z\ 2 -fop- L{£y) ^ ~ Z) h {Z) dz > 

where 



L{a)h 

On the other hand, for 2\h\ < \a\, 



\xf + ey-z\ 2 \ey\- 
\a\ 2 h- 2(a- h)a 



a r , Ah? 



|a + /i| 2 \a\ 



< C 



so that, by JM|, 

f xf+ey-z y 



</ e M^!„. (2)<J ,< C£ M)!< o 

Jn \m s \zyV \yr 

and the lemma is proved. □ 
Lemma 2.12. When e is small, we have k £ = 1. Moreover, 

K i = K + 7— t(i( x i) ~ nH{x\,x\) - ^-log— ) +o(|loge|" 1 ) 
log I V 2tt p K / 

and uf -> U K in W^(R 2 ) as e -> 0. 

Proo/. Set 

= - § log ^ + <f (zf) - <^(a;f, if) - £ «5G(if , sf), 
so that in particular 

-A< = /« - gf). 

By l|38|) . f39"]l and classical elliptic estimates [H] Theorem 9.11], the sequence (wf) 
is bounded in W 1( ^(R 2 ) for every s > 1. By Rellich's compactness theorem, it is 
compact in Wj„*(R 2 ) for every 1 < t < 00, and therefore bounded on compact 
subsets. On the other hand, by construction, all the vf + qf(xf ) — qf take positive 
and negative value at a uniformly bounded distance from the origin, so that there 
exists a bounded sequence if such that vf (if ) = qf(xf) — qf(xf). Therefore, vf (if ) 
and wf (if ) remain bounded and we obtain that for each i g {1, . . . , k e } 

<f(*i) - § log \ - «? H{xt xf) - J2 «|G(xf , x]) = 0(1). 
This implies that 

(43) g]ogl + £«51og^ = £bgi + (l), 



and, in view of (|36f . that 

feefl0gi> £ ^logi+0(l) = fc £ f logi+ ^ ^l0g^^ + 0(l). 
27T £ * — ' Z7T £ 27T £ * — ' J £ 

l<i,j<k e l<i,j<k' 
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Therefore, 



E «$iog^-3Uo(i), 



l<i,j<k E 

and since |xf — 2y|/e — > oo as e — > 0, we deduce by (|27|) that & e < 1 for e sufficiently 
small. By Lemma f2 . 10^ k e = 1. Going back to (|43)l . we get 

k\ = K + Odlogef 1 ). 

Since v\ — q\ is compact in W lc ^(R 2 ) and / <G C 1 (R), the sequence f(vf — qf ) is 
compact in W 1( £(R 2 ). In view of f37|) . «f is compact in W I( j£. Let v be one of its 
accumulation points. It satisfies 

-Av = f(v) 

and 

/(«) = «. 



/r 2 

Moreover, letting £ go to zero, by (|39|) we obtain 

<y) = log n + o(io g (i + n 



for some p £ R, and 



By a symmetry result of L. A. Caffarelli and A. Friedman [T5t Theorem 1] (see also 
[22} Theorem 4.2]), v is radial, and therefore 

v (y) = it lo s fr 

2tt |y| 

when |y| > p K . Hence, v — U K . In view of l|39p . this yields 

lr,<r 

l»|--R 



f - log f£ + <f (zf ) _ |i log -L - , x\ ) < «log + o(l). 

2tt |y| 2tt £|y| 



First fixing y, this implies that 

and next we deduce that for every 2/5 < |y| < R, 

f - log £l + g(irf) - log 1 - (if , rcf) < « log + o(l), 

Z7T £ 2tt e \y\ — p 

as £ — > 0. We obtain the required asymptotic development of k\ by letting R — > +oo 
and choosing sufficiently large |y|. □ 

2.2.4. 5iep ^: Global asymptotics. We are now going to prove that is well ap- 
proximated by 



Proposition 2.13. We have 

v £ = 5 £ + (l) 
in Wj^(Q), in Wj' 2 (ft), and m L°°(fi). 
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Proof. Choose r > p so that Ef C B{x\,er) when e is small. By Lemma r2.12[ and 
the invariance of the W 2,1 semi-norm by scaling, we have 

f \D 2 v e - D 2 v e \ ^ 



as e —>■ 0. Define 



u>l{x) = ^f{v £ -q% 



w e v {x) = / G(x,y)uj £ v (y)dy, 
Jn 

w £ (x) = f H{x,y){u>l{y)-u>l{y))dy, 
Jn 

<(x) = f r(x-y)(ut(y)-u>t(y))dy, 



where T(x) = ^ log -nn, so that v £ — v £ = wl+w £ +w £ . Since by Lemma l2~9l u> v — > 

in 1/(0) for some s > 1, we have, by elliptic estimates, w £ — > in W^(O). Next, 
since by (|34|) xf stays away from 957 and uif — uj\ — > in 1/(0) by Lemma f2.12^ we 
have ^ — > in (7^(0). Finally, we have 

£ 2 <(x)= / D 2 r(x-y)(u;?(y) -£?(*/)) dy. 
Jn 

Since J a = J n ujf = k\, one also has 

D 2 w £ (x) = f (D 2 T(x -y)- D 2 T(x - if)) (wffo) - wf (y)) d». 
For every y £ -B(xf , er) and x € O \ -B(xf , £2r) 

|u»r( a; -p)-D 3 r( as -x;)|<c 1 !^L > 

I a; — xf | J 

so that 

(If 

Integrating the previous inequality we conclude 

/ \D 2 w £ s (x)\ KCeM-QtWu [ / dx 

Jn\B{x\,e2r) Jn 2 \B(xf ,e2r) Fl — x \ 

0.1TF 

= cH-cf|| L x-^ = (i). 

The Wj 2 o *(0) convergence implies the W lc J c (0) and the L^ c (0) convergences. 
One needs then to prove the convergence in a neighbourhood of the boundary. 
Consider U C V C Q open bounded sets such that <90 C U, U C V and suppw E n 
V = 0. One has 

J -A(v E - v £ ) = w£ in E7, 
1 w e — w e = on <90. 

Since w e - v £ -► in W 1 ' 2 (F \ {/) and in L°°(V r \ J7) and in L s (0) for some 

s > 1, one obtains by classical regularity estimates that v e — v £ — > in W 1,2 (f/) 
and in L°°(Z7). □ 

Corollary 2.14. When e is small enough, A £ is connected, X-y — X j — j 
d(A £ — xf)/e tends to dB{Q,p K ) as a C 2 manifold. In particular, —Av £ — in 
O \ B{x\ , 2ep K ) and 

uj £ = u £ + o(l) 
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in L\Q). 

Proof. Assume that y £ A £ \ B{x\,ep K t). We have 

(44) q (y) + £ log \ < v*(y) < § log ^ + o(l), 

uniformly in y, so that \y— x\ \ — 0(e). One obtains then in view of Proposition l2~T3l 
that (A\ — x\ )/e is connected when e is small and the required convergence of the 
boundary. □ 

Corollary 2.15. We have 

£t(v £ ) = |- log- - W(x e ) +C + o(l). 
Proof. First we have in view of Proposition 12. 131 and Corollary l2.14l 

|Wf = [ v £ uj £ 

v £ u e +o(l). 

Since ||w e — g e ||L°° remains bounded as e — * 0, we obtain, by Proposition [2TT3] 

|V^| 2 = 4 / ^/(^-g e (x £ ))+o(l). 

Similarly, by Proposition l2.13[ 

1 / W-<f) = ^ / F(r-^(^))+ (l). 
£ Jo e Jn 

It suffices then to compute £ e (v e ) as in the proof of Lemma l2~3l □ 
2.2.5. Conclusion. We are now in position to present the 

Proof of Proposition \2.5\ completed. It is a direct consequence of Lemma l2.12l Propo- 
sition [1331 Corollary [231 and Corollary [23S □ 

and the 

Proof of Theorem UJ It is a direct consequence of the upper estimate of Corol- 
lary [53] and the asymptotic properties obtained in Proposition 12.51 □ 

3. Single vortices in multiply connected domains 

In this section we assume that ft C R 2 is a bounded smooth multiply-connected 
domain; it can be written as 



ft = ft \ |J ft,,, 



h=l 



where fto , . . . , ft m are bounded simply-connected domains with ft^ C ft for every 
h € {1, ... , to}. In place of problem \V £ § . we consider the problem of finding u and 
Af , . . . , such that 



an h 



-Au e = 4/(" e ~ <f) in ft, 

u e = on <9ft , 

u e = A| on dfl h, 
On 

— = for h € {1, . . . ,m\. 
on 
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The natural space to deal with this problem is the space of functions that are 
constant on the complement of O: 

m 

Hl(Cl) = (ue H\n) : Vu = in (J fl h \. 

h=l 



It is standard to show that solutions of ( V% I are critical points of the functional 8 £ 
defined on Hi (ft) by ([5]) . We consider least energy solutions obtained by minimiza- 
tion of the functional on the Nehari manifold. 

In order to state our result we also need the corresponding (appropriate) Green 
functions. Following C.C.Lin [30,31], we define G» as the solution of 



-AG(-,y)=S y inn, 

G(-,y)=0 ondQo, 

G = \h on dflh, 
dG 



for h G {l,...,m}. 



Its regular part is defined by 



H*{x,y) = G*{x,y) - r^-log , — - — -. 

2?r \x-y\ 

P. Koebe [26l §6] (see also (3lJ §9]), defined G„ in terms of the Green function for 
the Dirichlet problem G and the unique solutions Zk of 
-AZ k = in 0, 
Z k = on dtt , 

Zk = Skh on dtth with h S {1, . . . , m}. 
Since the Zk are linearly independent, the matrix ((jJkh)i<k,h<n defined by 

u k .h = I vz fe • vz h . 



is invertible; let (u kh )i<k,h<n denote its inverse. We have 



(45) 



G*(x,y) = G(x,y) + ]T Z k {x)uo kh Z h (y). 



k,h=l 



The Kirchhoff-Routh function in this context is defined by 

K 2 

W.(x) = —H*{x,x) - Kq{x), 

and the various quantities A £ ,uj £ , k £ ,x £ , p £ are still defined by $6§. 
Theorem [2] generalizes then to 



Theorem 3. As e — ► 0, we have 

u £ = U K e ('—^-) + k £ (-!- log -!- + H* 
\ e J \2tt ep £ 

in Wf^(O), in Wl' 2 (ty, and in L°°(fi) } where 



+ o(l), 



k £ = k+ -^-(^(x 6 ) - kH{x £ ,x £ ) - ^log— ) + o(|loge| x ), 
log j V 2n p K J 



and 

One also has 



m(x £ ) -> supW*(a;). 
B(x e ,f £ ) C#C B(x £ ,r £ ), 
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with r £ — ep K + o(e) and f £ = ep K + o(e). Finally, 

E £ (u £ ) = ^\og- - W*(x £ ) + C + o(l). 

Proof. The proof of Theorem [3] follows almost the same lines as one of Theorem [2j 
so that we only mention the few adaptations. First, the functions G and H should 
be replaced by G* and H*. In view of the regularity of 6^ and of l|4*5Tl this does not 
bring any trouble in the upper estimate nor the small scale and global asymptotics. 

Next, the proof of Theorem [2] relies on the Dirichlet boundary condition to 
estimate cap(A e ,f2) in f22"|) . Here, we define instead 

v £ - maxao v £ 



mina^e f ~ max^n v 6 
For every /i£ {1, . . . , m}, let Qh G H*(fi) be the unique solution of 
-AQh = in a, 
9/j = on 90q, 

&h = fJ-kh on dQ h and ft e {1, ... , m}, 



= S hk for ke {1, ...,m}, 



<9n 



where ^fe^ are unknown constants that are part of the problerrQ. By construction 
of 6fc, one has 

v £ \n h = I = f Vv £ - VG h = [ oj e B h , 



and hence, in view of JT4 



dn h dn 



IKIIwan) < pax \\Q h \\^(n) (« + 0(|loge| 1 )), 

hG{l,...,m} 

Therefore, 

2?r 2tt , 1 _ . 

and one can continue as in the proof of Lemma 12771 □ 

4. Single vortices in unbounded domains 

In this section, we assume that fl C R 2 is an unbounded simply-connected 
domain whose boundary is bounded in one direction; to fix the ideas, 

]a , +oo[xR C fl C]ai, +oo[xR. 

Our goal is to carry out an analysis similar to that of the previous section. 
We assume that q £ W^^Sl), 

sup / |Vq| r < oo 

for some r > 2, and that 

q(x) > W(xi - ao) + d, 

for some W > and d > 0, where x = {x\,X2). Since <9f2 is bounded in the X\ 
direction, this is equivalent with requiring that 

q{x) > Wdist{x,dCl) +d'. 



5 This solution can be found by minimizing the functional u t— > ^ f n | Vu| 2 + u\gQ k over Hi(fi). 
(A similar problem appears in [111 Chapter I, (3)]) 
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The natural space for solutions is 

Dl> 2 (n) = {ue W^(fi) : / |Vu| 2 <oc}. 

Jn 

The Nehari manifold J\f £ and the infimum value c e are defined as in Proposi- 
tion 12,11 The existence of a minimizer u e 6 Af e as in Proposition 12.11 such that 
£ e {u £ ) = c e is no longer direct nor true because of compactness issues. 

In a first step, we derive upper bounds on c £ . Next, we perform the a priori 
asymptotic analysis of solutions of (V e ) satisfying similar upper bounds. Finally, 
we prove existence results in appropriate cases of fl and q. 

4.1. Upper bound on the energy. 
Proposition 4.1. We have 

K 2 1 

c e < -r- log - - sup W(x) +C + o(l). 
47r e xe n 



Proof. The proof goes as the proof of Corollary 12.41 The main difference is that 
q and H(x, •) are not bounded as in the proof of Lemma 12.21 However, since 
linxj^oo i log i x _m + H(x, x) — 0, one still has, for every x € O, 

H(x,x) <^ + C, 
whence, starting from JS]), one obtains 

l. log i + l. log ^_ +q{x)+ C l 0g \+H{x,x) 



> 



£ 



Since q > 0, it follows that 



1 27T 1 _/,. 

- + h L >- + loge , 

KlOg - 

e 

and it suffices to continue as in Lemmas 12.21 and 12.31 □ 

4.2. Functional inequalities on the half-plane. In order to perform the asymp- 
totic analysis of the solutions and to study their existence, we first provide some 
useful functional type inequalities and convergence results on the half-plane R+ 
that will be used in the next section. 

Proposition 4.2. We have for u 6 D ' (R 2 .), 

C 2 ({x e R+ : u(x) > Wx{\) <c[ |Vu| 2 , 

and, for every p > 0, 

4^)-^);^<^(/ r jv^ 1+i 

A similar statement is proved by Yang Jianfu [46, Lemma 4] with a different proof 
relying on an isometry between V a (R+) and the space of cylindrically symmetric 
elements of 2?q' 2 (R 4 ) |4Gl Lemma 1]. 
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Proof. Define A u — {x G R+ : u{x) > Wxi}. First we have, by the Chebyshev 
and Hardy inequalities 

|2 



C 2 (A U )<— U-2L dx <— V 

Jr^ Fir ^ ^Ri 

By Sobolev's inequality, it follows 

(uO) - ^i)^ tfec = / {u-Wxifdx 



u\ 2 . 



^CWViu-Wx^Wl^iAu) 
<^\\Vu\\ 2 2 {\\Vu\\ 2 + WL 2 {A u )?Y 



w 2 



R 2 



As a consequence 
Lemma 4.3. We have for u S Dq' 2 (R^_), 

£ 2 ({x S R+ : > q{x)}) <C f |V- 12 

JR2 

and /or euen/ p > 

(u-qf + <c([ \Vu\ 2 ) 

We also have a compactness theorem 

Lemma 4.4. For e?;en/ p < oo and L > 0, i/ie map $ : dJ :2 (R 2 l) — > L p (R + x] — 
L, L[) :uh(u - W^Ei)+ is completely continuous. 

Proof. By Rellich's Theorem, u i— > $(w)x]o,a[x]-l,l[ is completely continuous for 
every A > 0. On the other hand, 

/ {u{x)-Wx 1 y + dx<^- f (u(x)~fx 1 ) p + +1 dx<^-\\Wu\\ p 2 +3 , 

J]\,+oa[x]-L,L[ " J]X,+oo[x]-L,L[ ' A 

therefore, on every bounded subset of D ' (R+), $ is a uniform limit of completely 
continuous maps. The conclusion follows. □ 

Lemma 4.5. Let (u n ) C Dj' 2 (R 2 h ). If (u n ) is bounded in Dj' 2 (R+) and 

sup / (u n - Wx{f + -f 0, 

y£R iR + x] r l,j+l[ 

(u„ - Wa;i)i -» 0, 



+ 



R_ 

/or euen/ s > 0. 

This kind of result was first obtained by P.-L. Lions [32l Lemma 1.1]. The idea 
of our proof comes from V. Coti Zelati and P. Rabinowitz [T7] . 

Proof. By the Gagliardo-Nirenberg inequality |35l p. 125], 

(u n - W Xl f+ 2 < C [ (u n - W Xl )\ 

R+X]j/-1,K+1[ JR + x]y-l,y+l[ 

x f {\V{u n -Wx x )+\ 2 + \(u n -W Xl ) + \ 2 ). 

Jn + x]y-l,y+l[ 
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Integrating with respect to y € R, one obtains 



f (u n - W Xl f + +2 < cf sup / K - W Xl )l 

R 2 + \y£R JR + x]y-l,y+l{ / 

x f (\V(u n -Wx 1 ) + \* + \(u n -Wz 1 )+\ 2 ). 



Since by Lemma [ 

|VK - W Xl )+\ 2 + |K - W Xl )+\ 2 < C(\\\/u n \\ 2 2 + \\S7u n \\j), 



(u n — Wxi) — > in L P+2 (R+). By Lemma \4.2\ the general case s ^ p + 2 follows 
by interpolation. □ 

4.3. Asymptotic behavior of solutions. In this section, we assume that (v £ ) is 
a sequence of solutions to {V s ) satisfying (J9j) . We shall prove 

Proposition 4.6. Proposition \2.5\ holds under the assumptions on fl and q of this 
section. 

4.3.1. Step 1: First quantitative properties of the solutions. We first have the coun- 
terpart of Proposition 12.61 

Proposition 4.7. The estimates (JTOj) , HI]), Jill), H31) and JH]) hold for some 
constant C independent of e. 

Proof. The proof of Proposition [T6] provides the estimates (HI]), (US), {HI) and [fl"4"|) 
without any modification. The inequality iflOj) needs a little more work, since its 
proof in Proposition 12.61 relies on the Poincare inequality. In the present setting, 
we replace it by the Chebyshev inequality and Lemma l4~3l 

£ 2 ({ X eQ:v*(x)> q{x) + £ log I}) < 1 f (v s q)% 

<— ^-jllogel^qioger 1 . □ 
|loge| 

4.3.2. Step 2: Structure of the vorticity set. As previously, we consider the con- 
nected components of (A?)j e j e of A £ . 

Lemma 4.8. If e > is sufficiently small, we have for every i € I e , 

(46) diam(Af) < Ce ^jg, . 

Moreover, if for every x G n, one defines 

K = \J{ai : B(a!, i dist(x, an) + i)ni?^ 0}, 

£ 2 (A^) < (7 £ 2 e -Mdist(x,90)_ 

Proof. Let 



Proceeding as in lj22|) . we obtain, using once more Proposition lA.il 



Therefore, 



MAM±|gp)±ig < log ( c(1+dist(A ., m) )( 1+ ^|fi) 
1 i + dist(A £ ,an) / dist(Af,an) \ 

e -° e 2W(di B t(A e ,af2)-i) ^ + diamA? /' 
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from which (|46| follows. 

Consider now A%. By {IB"]) . A% C B(x, | dist(x, <9f2) + 1) when e is small enough, 
so that 

2tt > (Iflog^ + f distjx, dfi)+d'j 2 
capo(^) ~ flogi 
By Proposition I A.21 we obtain 

C 2 {A%) < C(diat(x,dn) + \) 2 e 2 e~^ dist (^ n ) < Ce 2 e - M di s t(x,an)_ n 

Remark 2. A slightly more careful proof shows that one can take any fi < W/2, 
provided C is large enough. 



The next Lemma, counterpart of Lemma 12.81 insures that essential vortices are 
not too far from the boundary. 

Lemma 4.9. There exists constants 7, C, c > ; such that, when e is small enough: 
If {23]) holds, we have JH]), {25]), {26]), ((27J) and 

dist(A|,9fi) < C, 

while if ([23]) does not hold, then {28]) holds. 



Proof. The proof follows essentially the one of Lemma 12.81 The inequality {25]) 
follows immediately from {24"]) and (06]). □ 



As in the case of a bounded domain, the vorticity set can be split into a vanishing 
vorticity set V 6 and an essential one E £ , defined by {3T]) and {32]) . Since the gradient 
of q is only locally integrable, Lemma ROfl only gives local information. 



Lemma 4.10. For every s > 1, we have 

su P \\^J Ls{B{xA)) ^o(e^-^y 

In particular, if j > 1 — — ~), then oj £ — > m Lj s oc (r2). 

4.3.3. 5iep 5: Small scale asymptotics. For the small scale asymptotics, one first 
note that Lemma f2. Ill still holds. Indeed, the only step that relied on the bounded- 
ness of fl was {42]). For every p > 0, regularity estimates still yields for x S B(x £ , i) 

/ G{x,y)uj £ v {y)dy < C\\u £ \\ L s {B{xh2p}) , 

JB(x\,p) 

and the conclusion follows from Lemma T4.10I On the other hand, since Q, is con- 
tained in a half-plane, by comparing its Green function by the Green function of a 
half-plane, we have 



, N 1 / C(l + dist(x,90)) 

G(x, y)< — log( 1 + 

2i \ \x — y\ 



\x-y 

Since dist(a;f , dfl) is bounded, we have, for every x S B(x £ , 1), 



/ 



G( a; ,j/K(j/)rf 2 /<g : log(l + -) 



as p — > 00, uniformly in £ > 0. 

Lemma f2 . 1 II being established, the proof of Lemma \2. 121 also adapts straightfor- 
wardly. 



■2d 



DIDIER SMETS AND JEAN VAN SCHAFTINGEN 



4.3.4. Step 4'- Global asymptotics. For Proposition I2.13[ one obtains a little more 
than the Wj^*(f2) convergence. Setting fl$ — {x G il : dist(x,dCl) > 6}, one has 

Proposition 4.11. We have 

v £ = if + o(l) 

in W^l(Q s ) for every S > 0, in Wj' 2 (ft), and in L°°(il). 

Proof. One defines <Df and , and as in the proof of Proposition 12.131 One 
defines 

w e r (x) = J (H{x, y) - \og{\x - y\ 2 + 4x m )^j («£( tf ) - w{ (y)) dy, 

w%{x) = J ^ logflx - y\ 2 + ix iyi )(uf(y) - wf (y)) dy. 

Recalling that < c < dist(ccf , dfl) < C, one treats the terms w%, w £ s and w e v as 
in the proof of Proposition I2.13j the term w e s is treated similarly to the term w e s . 
The proof of the convergences up to the boundary follows then as in the proof of 
Proposition [2~13l □ 

For Corollary 12. 14[ we have, instead of (|44"1) . 

+ £ log - < < £ i og (: + ^ j ) + o(i). 

The remaining part of the proof carries over identically since dist(xf , d£l) remains 
bounded as e — > 0. Corollary 12. 151 also follows without any modification. 

4.4. Existence of solutions. In this section we present sufficient conditions for 
the existence of a minimizer for c e . 

Assume that SI c]a , +cx)[xR is a Lipschitz domain, and that 

(47) lim inf{xi G R : 3x 2 G R, (xi, x 2 ) G VL and b 2 | > i] = 0. 

t— *+oo 

Assume also that there exist W, d > such that and 

lim inf q{x) ™ X \ ~ I > 0. 

t^ + oo \x 2 \>t 1 + \X\\ 



We define 



£ E (u) = l [ \Wu\ 2 -\ f F{u-Wx x -d) 



and the minimax level 



c e = inf max £ E (tu) 



We first recall and investigate about the case where q is affine and fl is the 
half-plane. In this case, by definition, c e — c £ . 

Theorem 4 (Yang @6j). If Q = R+ and g(x) = Wii + d, then problem (fP^ 
admits a solution u G DQ' 2 (f2). 

The proof in [16] allows to state that 

Proposition 4.12. The critical level c e — c e depends continuously on W and d. 

Sketch of the proof. We can assume without loss of generality that e = 1 and skip 
any reference to it. Given converging sequences W n — > W and d„ — > d, we set 

£»(«) = J / |Vu| 2 - / F(« - W n a?i - d„) 

^ JR2 JR2 
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By Theorem HI £ and £ n possess (some) ground-states u and u n , for which we set 
c„ = £{u n ). There exist r„ — * 1 such that (d£ n (T n u), T n u) — 0. Therefore, 

c n < £ n {T n u) — ► £ (u) = c. 

This implies that c is upper semi-continuous. In particular, since 

'1 1 



the sequence (u n ) is bounded in Dj'^R^). Choosing VF = infW n > 0, we obtain 
by Proposition! 



(u n -±Wx 1 ) P + 1 ) P+3 < [ |VU„| 2 < / U n f(u n -W nXl -d n ) 

7 Jul Jul 



< u n f(u n -Wx 1 )<C {u n - \Wx{%T\ 

so that (u n — ^Wxi) + y4 in L P+1 (R^). By Lemma [431 U P to translation in the 
X2 direction, we have (u n — \Wx\) + in L p+1 (R + x] — 1, 1[). Hence, there exists 
O^uG Dq 2 (R+) such that u n — * v in D ' (R+) and u n — > w almost everywhere 
and in L[ oc (R^_) for r > 1. In particular, d£(v) = and by Fatou's Lemma, we 
have 



u — Wxi — d) 



p+i 



< liminf / (W nXl + d) p (u n - Wx x - d) + (\ - z±r){u n - Wx x - d) p + +1 
= liminf £ n (u n ) = liminf c n . □ 

n — >oo n — >oo 

Proposition 4.13. If 

c £ < c £ 

then there exists u £ £ dJ' 2 (S7) such that d£ e {u e ) — and £ £ {u e ) = c e . 

Proof. We use the same strategy as P. Rabinowitz [35] for the nonlinear Schrodinger 
equation on R N . 

The minimization problem can be reformulated as a mountain-pass problem (see, 
e.g. |44l Chapter 4]). By Ekeland's variational principle, there exists a sequence 
(u n ) C Dj' 2 (Sl) such that d£ £ {u n ) -> and £ £ (u n ) -> c e , see [Ml Theorem 4.3] or 
[441 Theorem 1.15]. We have 

so that (u„) is bounded in Dj' 2 (fi). There exists u <E Dj' 2 (f2) such that, up to 
a subsequence, u n u D ' (ft). By Rellich's Theorem, for every ip € D ' (SI), 
(d£ £ (u n ),ip) — > (d£ £ (u),ip), so that d£ £ (u) = 0. If u 7^ 0, then it G 7V £ and by 
Fatou's Lemma 



^) = i/fc^-F(.-<f) 



< liminf ^ q £ (u n - q% + (1 - ^)K - <f 
= liminf £ £ (u n ) - \{d£ £ (u n ), u n ) = c £ , 
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so that u fits the claim. 

Otherwise, for any 8 < min(VK, d), let R > be such that 

-5 < inf{s G R : 3r G R, (s,r) G and \s\ > R}, 

and, 

(48) q(x)>q s (x):=(W-S)xi + d-S if |ar 2 | > -R. 

We have, for fix = {x e ft : \x 2 \ > R}, and in view of Lemma l4~4"l 



c 6 = lim £ e {u n ) - (d£ e (u n ),u n ) 

n — >oc 



p+1 



< Hminf ^ / u n {u n -q) p + = lim inf 4r / u„(u n - g)*L 
(49J n— oo y n «^oo e-i Ju\a R 

Iff q \p +1 If 
<C lim inf — / m„-- <C lim inf — / (u n - qs) 

n-^oo E z J nR \ 1 + 6/+ n~,oo e z J nR 

Let V G C°° (R) such that supp ^ C [-2£, -6] , ip(t) = for t < -25 and tp(t)=l 
for i > —<5. We set ip(xi 7 x 2 ) = ip(xi). Note that supp V<£ Hf2 is compact, so that 
by Rellich's Theorem, 

r |V V | 2 |«n| 2 -0, 



and therefore, defining v n = tpu n , 

\Vv n \ 2 = / \Vu n \ z +o(l) 



For every r > 

T 2 f 

max£(6u n ) > £(ru n ) = £s(rv n ) + — / |Vu„| 2 - |Vu 



Choose now r„ such that £g(T n v n ) = sup r>0 £s(rv n ). If r n > 1, we have, 

|Vu„| 2 = \ [ T n v n f(T n v n - qs) > t? +1 -^ I (v n ~ qs) P + l 
£ Jo. £ Jn 



so that by ([49|l we obtain 



r„ < max 1 , 



Jfi R K-&)+ +1 

and the quantity on the right-hand side is bounded in view of l(4*9l) . This implies 
that T n v n — 1 and r„u„ — in Z? 1,2 (0), and by Lemma l4~4l that 

F{r n v n - q s ) - F(r n u n - q) — > 0, asn^ +oo. 

m\a R 

On the other hand, by (|4*8|) . gs < g in Q \ Oh, and 

F(r n v n - qs) - F(r n u n - q) = F(r n u n - gj) - F(r n u n - g) > 0. 



Hence, 

li 

and the conclusion follows from Proposition 14. 12[ sending S to zero. □ 



liminf £ (u n ) > liminf £s(T n v n ) > eg := inf 

n ^°° "- > °° i)£D ( V 2 (]-25, + oo[xR) 
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From Proposition 14, 131 we derive 
Theorem 5. If 



K 2 K 2 Hi 

sup — H (x, x) — Kq(x) > — ( log 1 ) — Kd, 

then, if e is sufficiently small, there exists u e £ Dq' 2 (il) such that d£ £ (u £ ) = and 
S E (u E ) = cf. 

Proof. By Proposition l4.il we have 



c £ < £- log - - sup(^-H(x, x) - Kq(xj) + C + o(l). 

47T £ xeVl \ 2 J 

On the other hand, in view of TheoremHJ £ £ possesses a ground-state whose energy 
is bounded by ^ log - + 0(1). It follows from Proposition 14.61 applied to these 
ground-states that 

c £ = — log sup ( — log 2xi - n(Wxi + d) ) + C + o(l) 

K 2 , 1 / K 2 / K \ A 

= — log-- —(log ^ -1 +C + o 1 . 

47T £ V 47T V 2llW ' > 

Therefore, when e is small enough, c £ < c £ , and the conclusion follows from Propo- 
sition sn □ 

5. Pair of vortices in bounded domains 

In this section, ft C R 2 , / : R — > R and g : £1 — > R are as in Section [2l For 
£ = (£+,£_) > 0, k + > and k_ < given, and consider solutions of the boundary 
value problems 

1 . 1 

m { e~ 

u E = on 90, 



-A U £ - — - 4) - U £ ) in O, 



where = q+ |f log 

We consider are the least energy nodal solutions of flQ £ |) obtained by minimizing 
the energy functional 

over the natural constraint given by the nodal Nehari set 

M E = {u e f#(0) : u + ^0,it_ ^0, (d£ E (u), u+) = {d£ E {u), u_) = 0} 
It is a standard [6Ti8lfT6] to prove the 



Proposition 5.1. Assume that q £ + is positive on O and qf_ is negative on O, so 
that Ai £ ^ 0, and define 

d £ = inf £ E (u). 

ueM' 

There exists u E S A4 E such that £ E {u E ) = d E , and u E is a nonnegative solution of 

m- 

Our focus is the asymptotics of u £ for a sequence £ — > (0,0). We assume that 
< c < < C < oo j and we will write |log |e|| instead of loge + or loge_ in 

asymptotic expansions. 
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We extend the definition of U K given by $A K \ for n < by U K = —U- K and 
p K = p- K . One still has, when |x| is large enough, U K {x) = f^logfe- We also set 

C ± = -logp K±+ / } (_ _). 



The Kirchhoff-Routh function W is defined for (x+,x_) 6 ill = {(?/+> 2/-) e ^ 

y+ ^ y-} by 

K 2 K 2 _ 

W(x + , x-) — -^-H(x+,x+) + -^-H{x-,x-) + k + k-G(x + ,x-) 



We set 



A E ± = \x e n : ±u £ (a;) > ±g e (x) + ^ log — } 



l4=±^3/(±(«* "«*))> 



(50) 



— f xiv^x) dx, 



P± = P^ ± ■ 

We will prove 
Theorem 6. As £ — > 0, we have 

+ + - e - log + h (xt , •) ) + o(i), 

in Wj^(fi), m Wo' 2 (0), and m L°°(fi), w/iere 



K e = k ± + 2?F (q(x £ )-K ± H(x £ 7 x £ )-K T G(x± 7 x T )-^-\og— )+o(|log|g|]~ 1 ), 
log V 2tt p K± ) 

and 

W(x E + ,x E _)^ sup W(x+,x-). 

One also has 

B{x%, rl)c4c B{x%,r%), 
with f± = £±p K± + o(e±) and fj. = £±p K± + o{e±). Finally, 

= T~ — + T- lo S — ~ w «> x -) + C+ + C_ + o(l). 

47T e + 47T £_ 

5.1. Upper bounds on the energy. We compute upper bounds on d e by con- 
structing suitable elements in M e . 

Lemma 5.2. For every x + ,x^ € SI such that x + ^ x_, there exists 

= k±H '^-(q(x±)-K±H(x±,x±)-K T G(x±,x T )+ l ^ : logp K± ) +0(|log |e||~ 2 

log — 
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such that, if 

'X — X-i-\ _ . / 1 , 1 



u°{x) (^f ) + ^ + log — + If (* +I *)) 

+ U„_ (^-) + ft- (± log -±- + , *)) , 



Moreover, 

i| := {a; : ±{t e (x) > ±g|(x)} C B(x ± ,f E ± ), 
with r± = e±p K± + o(e). 

Proof. For every er = (er+, <r_) € R 2 , we define 

± _ q±(x±) - k t G{x±,x t ) + cr ± 



/X~- X-\- \ ( 1 1 

+ V„_ (^) + PL (I log ^ + 2T(4_ , .)) , 

and we set 

4(o-) = (de«(fi«' or ),a*'' ± ). 

We compute as in the proof of Lemma 12.21 

(51) /W>^| 2 = / |v^,J 2 + «r(^log-+^ ± ) + ^ ± )+0(|e| 

We also set 

^ = jffiu^ - q%) - ±-f(q e _ - u £ n, 



and we compute as in the proof of Lemma 1272 

(52) -1 / = / ^«±+^±) 

e ± Jn jr 2 



+ (£ log £ + ?(X±) + <7±) / /(Ef B± + <7±) + 0(1). 

Combining f5Tj) and ([52"1) we obtain 

9l(o-) = ^log^-(/ /(C7 K± )-/(C/« ± +o- ± ))+0(l). 

By the Poincare-Miranda Theorem (see e.g. [27J), when |e| is small, there exists 
a e such that g e {<r e ) = and cr E = o(l) as £ — > 0. □ 

Evaluating B e (u £ ) yields 
Corollary 5.3. As |e| — > 0, we /law 

d £ < ^log— + ^log— -W(a: + ,a:_)+C + +C_ + o(l). 

47T E_l 47T £_ 
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5.2. Asymptotic behavior of solutions. We shall prove the counterpart of 
Proposition 12.51 

Proposition 5.4. Let (v E ) be a family of solutions to ^P e \ such that v± ^ 
(53) £*(„*) <^ i g J_+^ i og J_ +0 (l), 

47T E+ 47T £_ 

as £ — > 0. Define the quantities A±, u>±, n E ± , x E ± and p E ± for v E as in (|50|) /or u e . 
Then 

« e =^ + (^f)+<(^log^ + ^«,.)) 

~ V £_ / \2tt E-p_ / 



in W£*(fi), in Wo' 2 (fi), and in L°°(f2), wftere 

k e = k± + — ^^( g (x e )-K±i/(x £ ,x £ )-K T G(x ± ,x T )--^-log— )+o(|log|e|p 1 ) 
log ^ V 2tt p K± / 

In particular, we have 

= ^ log — + t 1 lo S — ~ + C+ + C_ + o(l). 

47T £ + 47T £_ 

and 

B(4,rl)cA^cB(4,f|), 
with f± — £±p K ± + o(e±) and fj. = £±p K± + o(e±). 

In other words, f; e satisfies the same asymptotics as the one stated in Theorem[2] 
for v E except for the convergence of x e . 

5.2.1. Step 1: First quantitative properties of the solutions. 

Proposition 5.5. We have, as \e\ — > 0, 

£ 2 (A|) = 0(|log| £ ||- 1 ), 

|v(«--4)| a = o(i), 



4-/ F(±(t;'-e&)) = 0(l), 

/ |V4| 2 <^log-^ + 0(l), 

± / wi<±K± + 0(\]ag\e\\- 1 ). 
Jo. 



Proof. First note that by Theorem 



By ([531) . this implies that 



£.04) >^ log ^ + 0(1). 



5 e (4) = ^iog^ + o(i). 



We are now in position to proceed as in the proof of Proposition 12.61 testing (Q E ) 
against tif. and v e _ instead of v E , then against min(w £ , g^_) and max(w £ , qt) instead 
of min(« e , q E ), and finally against {v e — q E _) + and {q E _ — v £ ) + instead of (v E — q+ )+. 
We skip the details. □ 
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5.2.2. Step 2: Structure of the vorticity set. In this subsection we further describe 
the vorticity set A e = A e + {JA*L. Since it is an open set, it contains at most countably 
many connected components that we label A± j} i G I*. First we have a control on 
the total area and on the diameter of each connected component. 

Lemma 5.6. If |e| is sufficiently small, we have 

C 2 (A e ± ) < Ce\ 

and. for every i € I±, 

(54) diamOA^) < Cs±. 

Proof. It suffices to repeat the arguments in the proof of Lemma 15.61 □ 

Lemma 5.7. There exists constants 7, C, c > such that, when \e\ is small enough, 
if 

(55) / |V(« e - ? i)| 2 > 7 2 , 

•> A ±,i 

then for every j G J^, 

(56) C\A% t A > eel, 

(57) diam(A| j) > ce±, 

(58) dist(A e ±>i ,dn) > c, 

(59) dist^,^) >c, 

while if (|55|) does noi /ioW, i/ien 

SP r2(AE Nl + S P (i- 



J \<S\> < C\\V q \\^ {AU) C\Al.f 



where C only depends on s > 1. 

Proof. The proof is very similar to the one of Lemma 12.81 except for (|59"1) which 
remains to be proved. To that purpose, we consider the function 



log- 3 - 

£+£- 



We have 



and 



Therefore, 



s ^ + o(ii g|£ir 1 ; 



log 



ve\ A%j = -^- + o(iio g | £ ir 1 ) 



2ir 1 

>log + 0(1). 



cap(A^,R 2 \ A s _) ~ b e+£- 



Using Proposition IA.5I with Q = R 2 \ A e ± i and K = A%- •, and applying ([54"|) to 



A%- j and (|56|) to A j_ ^ , we are led to 



log - J- < log c( 1 + ^kii^h u + ) + 0(1)) 

which can not hold if dist(A|^, A%- tj ) ->• 0. □ 
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The vorticity set is split into four subsets: 
El 



\J{A%, : J |V(^-4)| 2 >7 2 }. 



By Proposition 15.51 the sets E+ and Et contain finitely many connected compo- 

nents, and by ((56j) , $57$), j58]) and JUJ, they can thus be split as E%. = U,-=i E± t j, 
where E± j are nonempty open sets such that 

dist^,^-) 
■ ► oo, 

£± 

liminf distal ti ,E^j) > 0, 

liminf distt-Ej^afi) > 0, 

diam(£'± ■) 
lim sup ; — < oo , 

as e — > 0. By definition of E e and by (fTTj) . fc* and fcl remain bounded as £ — > 0. 
5.2.3. Step 3: Small scale asymptotics. We set 

«±,i= / w ±,i) ar ±,» = -r - / ^i.ite) dx - 

Jn K ±,i Jn 

Using the analogues of Lemma 12.91 and Lemma 12.114 one obtains the analogue 
of Lemma 12.121 

Lemma 5.8. When e is small, we have = k £ _ = 1, and 

k± x = K± + 2?F 1 (q{x±) - k±H{x s ±,x±) - k t G{x±,x%) - ^-±log — 
log ^ V "f 2tt p K± 



+ o(|iog| £ ir 1 ) 



andv s ± -> [/ K± inW^(R 2 ), 

5.2.4. Step 4'- Global asymptotics. The counterpart of Proposition l2~T3l is now 
Proposition 5.9. We have 

+ ^, , (^) + < a log ^ + 2^, •)) + 0(1) 

in W^l(Q), in Wj' 2 (ft), and in L°°(f2), 

We have now all the ingredients to complete the 

Proof of Proposition \5.4\ It follows from the combination of Lemma 15. 8} Proposi- 
tion 15.91 and the counterparts of Corollaries 12.141 and 12.151 □ 

Proof of Theorem Since the solutions have the upper bound Corollary I5.3[ one 
can conclude from Proposition 15.41 □ 
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6. DESINGULARIZED SOLUTIONS OF THE EULER EQUATION 

6.1. Bounded domains. In bounded domains we shall successively consider sta- 
tionary vortices, rotating vortices and stationary pairs of vortices. 

6.1.1. Stationary vortices in simply- connected bounded domains. Let us first deduce 
Theorem [T] from Theorem [H 

Proof of Theorem^ Take q = —ipo, where tpo satisfies |(3]). One checks that ipo £ 
W 1+ '' S (Q) so that u £ W 1,r {VL) for every r < oo. Define v e = (Vu e )^ where u £ is 
given by Proposition [27TJ The conclusion then follows from Theorem [2j □ 

We have constructed in Theorem[T]a family of solutions that concentrates around 
a global maximum of the Kirchhoff-Routh function W; it is also possible to con- 
struct family of solutions that concentrate around a local maximum of W: 

Theorem 7. Let £1 C R 2 be a bounded simply- connected smooth domain and v n : 
dfl -^Re L s (dfl) for some s > 1 be such that f gQ v n — 0. Let K > be given and 
let x £ fl be a strict local minimizer ofW. For e > there exist smooth stationary 
solutions v £ of the Euler equation in fl with outward boundary flux given by v n , 
corresponding to vorticities uj £ , such that supp(w e ) C B{x £ ,Ce) for some x £ £ £1 
and C > not depending on e. Moreover, as e — > 0, 

LO € — ► K 

n 

and x e — > x . 

Proof. Assume that x is the unique minimizer of W in B(x,p). Define q £ C°°(0) 
so that q — —ipo in B(x, p/2), where ipo satisfies J3]) and for every x £ Q, 

k 2 k 2 
nq(x) — H(x,x) > nq(x*) —H(x*,x»). 

We now apply Theorem [2] with q. By construction of g, we have x £ — > x. 
But then, one has, still by Theorem [2] 

u e (x) > log -J— - + 0(1). 
2tt \x £ — x\ 

Therefore, when e is small enough, u e < — -0 o + ^r log | and u e < q £ in Q\B(x e , p/2). 
Therefore, for such e, u £ solves — e 2 Au £ = f(u £ +ipo — ^ log \) in J7. One can now 
take v £ = (V(« e + i}o)) ± and show that this is a stationary solution to the Euler 
equation. □ 

6.1.2. Stationary vortices in multiply-connected bounded domains. If fl is not simply 
connected then fl — ^o\U™=i ^h, where Q,q, . . . , Q m are bounded simply connected 
domains, one can prescribe for h £ {1, . . . , to}, the circulations J dflh v • r = jh> In 
that case vo is the unique harmonic field whose normal component on the boundary 
is v n ; i.e., v satisfies 



V • 


Vq 


= o, 


in Q., 




V x 


V() 


= 0, 


in f2, 




n ■ 


v 


= v n 


on 




vo 


• T 


= lh 


for h £ {1, . 


. ,m} 
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If J d Q h v n — for every ft E {1, . . . , to}, vo = (V^o) 1 " where 

-Aipo = in n, 



(60) 



= t>„ on dfl, 

OT 



[ = 7h for ft. G {1, ... , to}. 

•/an* dn 



iao. h 

The Kirchhoff-Routh function associated to the vortex dynamics is then given by 

K 2 

where one should recall that ipo depends on v n and 7^ for ft G {1, . . . , m}. 
We have 

Theorem 8. Lei fl C R 2 foe a bounded smooth domain and v n : dft -^Rg L s (dfl) 
for some s > 1 be such that J dn v n — for every h G {0, . . . , m}. Lei 7/1 G R 
for ft € {1, . . . , to} and let k > 6e given. For e > iftere exisi smooth stationary 
solutions v e 0/ ifte Euler equation in Q with outward boundary flux given by v n 
and circulations given by jh> corresponding to vorticities u> £ , such that supp(a; e ) C 
B(x e , Ce) for some x e G and C > not depending on e. Moreover, as e — > 0, 

W e -> K, 

Q 

and 

W*{x £ ) -> supW f (s). 

Proof. The proof is almost identical to the one of Theorem[l] it relies on Theorem[3] 
instead of Theorem [2j □ 

Remark 3. One could similarly prove a counterpart of Theorem [7] for multiply 
connected domains. 

6.1.3. Rotating vortices in a discs. If Q is invariant under rotation, one can consider 
the Euler equation in a reference frame rotating with angular velocity a: 

r v-v = o, 

1 Vf + v • Vv = —Vp + 2av _L - a 2 x. 

The vorticity of v with respect to an inertial frame is V x v + 2a. The movement 
of singular vortices is governed by Kirchhoff's law ([1]), where W is replaced by 

The stream-function method to construct stationary solutions in a rotating ref- 
erence frame can be adapted to this situation. If —Aip — f(ip) — 2a, setting 
v = (VV') ± and p — F(ip) — ^-\x\ 2 — ^|VV>| 2 yields a solution^. In particular, the 
solution is irrotational outside on the set where ip = 0. 

Theorem 9. Let p > 0, k > and a > 0. If k < 2irap 2 For e > there exist 
smooth rotating solutions v s of the Euler equation in B(0,p) with angular velocity 
a, corresponding to vorticities u s , such that supp(w e ) is contained in a disc of 
radius O(s) around a point rotating on the circle of radius \j p 2 — Moreover, 
as e — > 0, 

W e — > K- 

n 



6 With the same velocity field, choosing as pressure p = F(ij)) — 2aif> — ^|V5/>| 2 would of course 
give a solution to the Euler equation in a Galilean frame. 
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Proof. Take 

q(x) = -a,—. 
and apply Theorem [2l One checks that 

v 6 (s,t) = (Vu e ) ± (R(at)x), 
where R(at) denote the rotation of at, satisfies Euler equation. Since 

... , , K 2 . P 2 — \x\ 2 KCt . ,n 

Wa (X) = — bg Z — + — X 2 , 

47T p I 



attains its maximum on the circle of radius J p 2 — t^—, one has the desired concen- 
tration result. □ 

Remark 4. When k > 2wap 2 , the minimizer concentrates around 0; one recovers 
thus stationary solutions as in Theorem [TJ 

6.1.4. Stationary pairs of vortices in bounded domains. 

Theorem 10. Let fl C R 2 be a bounded simply- connected smooth domain and 
v n : <9£1 -^Re L"(dQ,) for some s > 2 be such that J c v n = over each connected 
component C ofdfl. Let k + > and k_ < be given. For e > there exist smooth 
stationary solutions v £ of the Euler equation in fl with outward boundary flux given 
by v n , corresponding to vorticities ui e , such that supp(w| t ) C B(xf,Ce) for some 
xf £ Q and C > not depending on e. Moreover, as e — > 0, 

Jn 
and 

W(x+,xj)^ sup W{x + ,x~). 

Proof. This follows from Theorem [6] in the same lines as Theorem [TJ □ 

Remark 5. There is also a counterpart of Theorem [7| for vortex pairs, concerning 
the existence of solutions near local maxima of the Kirchoff-Routh function and a 
counterpart of Theorem \8\ for domains which are not simply connected. 

Remark 6. One can also address the question of rotating vortex pairs. Combining 
the ingredients of the proof of Theorem [9l one can prove the existence of rotating 
vortex pairs of strength k + > and k_ > that concentrates around two antipodal 
rotating points at distance p+ and p_ which maximize the function 

an+ 2 an- 2 k 2 , ~ n 2 _ 2 k + k- , 1 + p+p- 

+ — P 2 - + ^ logd - Pi) + ^ log(l - p 2 _) + -t^ log 

In contrast with Theorem O the pair of vortices obtained is always a nontrivial pair 
of rotating vortices for any a ^ 0, k + > and k_ < 0. 

6.2. Unbounded domains. We now consider the application of the results of 
Section S] to the desingularization of vortices in unbounded domains. 

6.2.1. Translating vortex pair in the plane. We first consider the construction of a 
pair of vortices in R 2 . First recall that pair of vortices translating at velocity W 
in a flow with vanishing velocity at infinity is, up to a Galilean change of variables 
a pair of stationary vortices in a flow with velocity at infinity — W. The stream- 
function of the corresponding irrotational flow is ^o(^) = W • x. Therefore, the 
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positions of two vortices of opposite intensities k and — k in the moving reference 
frame is a critical point of the Kirchhoff-Routh W defined by 



2tt 



log- 



1 



W 



y\ 



Theorem 11. Let W > and k > 0, for every e > there exist smooth stationary 
solutions v e of the Euler equation in R 2 symmetric with respect to the x 2 axis 
and such that lim a:i _ ) . 00 v s (a;) = (0, W), corresponding to vorticities uj £ , such that 
supp(w e ) nR 2 + C B(x, Ce), where x = (j^, 0). 

Proof. The problem can be reduced to finding a solution in R+ with vanishing flux 
on the boundary. The corresponding Kirchhoff-Routh function is 



W(x) = — (log 2xi ) - kWxx 

This follows from the existence result of Theorem 01 the asymptotics of Proposi- 
tion [47T] and Proposition 14.61 □ 



6.2.2. Stationary vortex in the half-plane with non 
used extends to non- vanishing flux boundary conditions 



flux. The method just 



Theorem 12. Let v n £ L X (R) n £f oc (R) for s > 1. If J ^ v n = - f™ v n > 0. For 
every W > and k > 0, if n/W is small enough and if e > sufficiently small 
there exist smooth stationary solutions v e of the Euler equation in fl with outward 
boundary flux given by v n and lim^^oo v e (x) = (0, W), corresponding to vorticities 
uj £ , such that supp(w £ ) C B{x £ ,Ce) for some x £ <G £1 and C > not depending on 
e, and J R2 u £ — > k. 



Proof. Define ipo by 



111 



R 



+ > 



on dR 2 + , 

as | #2 1 — > oo, 

W as ii -> oo. 



One checks that by our assumptions, 

M0) > o. 

In order to apply Theorem we need to find iefi such that 

2 2 

(61) kM&) + ^ lo g^i > h{ l ° g 2^W 

One takes x — , 0). If k/W is small enough, one has 

Kip (x) > 0, 

and one checks that 



- 1 



2 2 

+ log 2* > J^log^ 
The conclusion follows then from Theorem \E[ 



> — log 

47rV & 2irW 



a 
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6.2.3. Stationary vortex in a perturbed half-plane. Instead of perturbing the bound- 
ary condition on the half-plane, one can instead perturb the geometry. The first 
situation is the situation in which one has for example enlarged a little bit the 
half-plane around 0: 

Theorem 13. Assume thatfl is a simply- connected perturbation o/R/j_ in the sense 
of l|4"Tj) . Let x £ dfl be such that x\ > x% for every x £ fl, dfl is of class C 2 in a 
neighborhood of x, then for every W > 0, if n > is sufficiently small and if e > 
sufficiently small there exist smooth stationary solutions v e of the Euler equation 
in fl with vanishing boundary flux and lim^^oo v £ (x) = (0, W), corresponding to 
vorticities u) Sl such that supp(a-> e ) C B{x e ,Ge) for some x e £ £1 and C > not 
depending on e and J n ^e — * K - 

Proof. We are going to obtain the solutions by applying Theorem [5] with q = — ?/>o. 
Let Vo be the irrotationnal stationary solution to the Euler equation with vanishing 
flux on d£l and lim a;i _ +00 Vo(x) — (0, W), i.e. Vo = VipQ with 

{-Aip = 0, in ft, 
4>o = on <9ft, 
xi 

In order to apply Theorem [H we need to find x e ft such that the condition f6Tj) 
holds. First, by the strong maximum principle, one has diip(x) > —W, so that 
there exists 7 S (0, W) such that in a neighborhood of 5, 

ipo(x) > -7(^1 - X\). 

If we consider the point x = (xi + j^r, £2 ), one has 

k 2 

KM£) > ~ 7 MY' 

On the other hand, if K denotes the curvature of dfl at x, one has by Proposi- 
tion EH 

Therefore, if n is small enough, one has <[6T]l . and one can then apply Theorem [5] 
to obtain the conclusion. □ 

6.2.4. Translating vortex pair near a translating axisymmetric obstacle. We can 
also treat a situation in some sense opposite to the situation of the previous section. 
We obtain the desingularization of vortices on a set which is obtained by removing 
some part of the half-plane. By a Galilean change of variables and by extension by 
symmetry of the flow, this corresponds also physically to a rigid body in translation 
together with a pair of vortices. A similar problem was studied through the vorticity 
method by B. Turkington [42] 

Theorem 14. Let D C R 2 be a compact simply- connected set with non-empty 
interior and symmetric with respect to the x\ variable. Then for every k > and 
W > 0, if e > is sufficiently small there exist smooth stationary solutions v e of 
the Euler equation in R 2 \ D symmetric with respect to the xi axis, with vanishing 
boundary flux and such that lim^^oo v e (x) = (0, W), corresponding to vorticities 
uj e , such that supp(w £ ) n R 2 ^ C B{x £l Ce) for some x e £ Q. n R 2 ^ and C > not 



depending on e and J R2 



\D^ 



Proof. Set £1 = R 2 ^ \ D. We shall consider the case W > and k > 0, and we shall 
assume that 5(0, p) C D C B(0,R). We use again Theorem [5] and therefore we 
shall prove that lf6lj) holds for some x £ R 2 where ipo solves (]62[) . We shall take 
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^ A = ( A-nW > ^ i-rW ) w here A 6 R. By the maximum principle on SI, one has for 

2 

M*) > -w Xl + w^. 

\x\ 

Hence, we have 

with d > 0. We also use the formula of the Green function G of R+ \ £?(0, R) used 
by B. Turkington 02 p. 1047] 

G(x,y) = -ilog- " 



47T AR'xiyi 



(xii/i + a; 2 2/2 - -R 2 ) 2 + (#22/1 ^ Z12/2) 2 

Since G(x,y) < G(x,y), one has therefore 

1 1 / 4i? 2 x? 

g(.,.)>-log2, 1 --log(l + (N2 _^ 

whence 

^(^)>g log ^ + 0(A-'>. 
One checks thus that for A sufficiently large, 

^ A ) + glog2^>g(log^-l). 
and the conclusion thus follows from Theorem \E[ □ 

Appendix A. Capacity estimates 
Let SI C R 2 be open. The electrostatic capacity of a compact set K C SI is 

cap(i^,0) = inf {^" l v ^| 2 : <P S CT( ft ) and = 1 on A'}. 

Let us first recall the following standard capacity estimate which was discovered by 
H. Poincare [371 P- 17-22] and whose first complete proof was given by G. Szego [4*1] . 

Proposition A.l. Let SI C R 2 have finite measure. For every K C SI, 

4tt , £ 2 (S1) 

< log - 



cap(A,Sl) " b £ 2 (A)' 

Proof. One shows by the Polya-Szego inequality (for a modern treatment, see e.g. 
[25] . [29] or pi]) that 



cap(A, SI) > cap(B(0, p), B(0, R) 

if p and i? are chosen so that £ 2 (B{0,p)) = C 2 {K) and C 2 {B(0,R)) = £ 2 (S1). One 
can then compute explicitly the right-hand-side to reach the conclusion. □ 

When £ 2 (S1) = +00, Proposition I A. II loses its interest. However, one still has: 

Proposition A. 2. Let K C R+, we have 

4?r < , . 8tt sup x£K |x| 2 
cap(A,f>) " 8 C 2 (K) 
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Proof. Set a = sxvp xeK \x\ 2 = 1 and define the conformal transformation 

if \ z ~ a 
z + a 

We have ip(R-+) = B(0, 1). By the previous Lemma, we have 

47r 2n 
cap^W, 5(0,1)) " ° g C^{K)Y 
The conclusion comes from 

c^mx)) = yy i 2 > ^p. □ 

Another question about estimates of the capacity is whether one can estimate the 
diameter of K, instead of its area, by its capacity. This is possible if one assumes 
moreover that K is connected. L. E. Fraenkel [21] has obtained in this direction the 
inequality 

2n , diamK 

< loeG — ^=^= . 

cap(^,0) " 6 v^(0) 

We improve this estimate so that it holds on unbounded sets and it takes into 
account the distance from the boundary. 

Proposition A. 3. Let fl be such that R 2 \ Q is connected and contains a ball of 
radius p and K C Cl be compact. Then, 

2tt <1q 1 / | dist(#,<90)\ f., , 2 distaff, 50) 



cap(X,0) ~ ~°~"\~ 2p )\ diam(Jf) 

Proof. Since K is compact, up to translations and rotations we can assume that 
e K and dist(if, dfi) = dist(0,<9O). Let A* and O* be the sets obtained by 
circular symmetrization around introduced by V.Wolontis [45l III. 1] (see also 
J.Sarvas [39]). We have 

cap(A*,0*) < cap(A, O), 
[- diam(A)/2,0] C A*, 

and, since R 2 \ O* contains a ball of radius p, 

[dist(A,dfl),dist(A,dfl) + 2p] c R 2 \0*. 

We have thus 

cap(A, 0) > cap([- diam(A) /2, 0], R 2 \ [dist(A, 90), dist(A, 90) + 2^]. 

Now, identifying R 2 with C, there exists a Mobius transformations that brings the 
points — diam(A)/2, 0, dist(A, <90) and dist(A, <90) + 2p to —1, 0, s and oo with 

_ (2p + dist(i<r, 50) + | diam(l<Q) dist(if, 90) 
pdiam(i"T) 

from which we deduce that 

cap(A, O) > cap([-l, 0], C \ [s, +oo[). 

The conclusion comes from the next lemma. □ 

As in L. E. Fraenkel's proof [21], we use 

Lemma A. 4. Let s > 0. We have 

2ir 

< log 16(1 + s). 



cap([-l,0],R 2 \[ S ,oo)) 
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2x ^ „„_„xW(i + *)) 



Proof. We have the formula O 5.60 (1)] 

cap([-l,0],R 2 \[ S ,cx))) = 2 . 

where /C is the complete elliptic integral of the first kind 

/c( 7 ) = / 2 1 = dfl. 

Jo ^l-j 2 (sm6) 2 



Since (see [3]) 



> 



2100 (2' ' 

We have then 

cap([-l, 0], R 2 \ [s, 00)) > * - ■ > ^= = ^ -. □ 

U J U " log2(Vi + VTT^) logVTTi log 16(1 + a) 

We also have an estimate in the case where the inner radius p of R 2 \S1 is replaced 
by the connectedness and the measure of R 2 \ SI. 

Proposition A. 5. Let fl be such that R 2 \ ft is connected and has finite measure 
and K C SI be compact. We have 



/ 7rdist(if,dSl)diam(R 2 \ST)\ / 2 dist(if, dCl) \ 
° S V 1+ 2£ 2 (R 2 \S1) ) V + diam(A') ) 



cap(K,n) ~ b V 2£ 2 (R 2 \S1) /V diam(iT) 

Proof. One begins as in the proof of the previous proposition. We have then that 

[dist(Ar, 90), dist(X, SSI) + -= 1 /T \ ;L ] c R 2 \ SI*. 

7rdiam(R z! \ £2) 

And one continues as previously. □ 
Appendix B. Green function asymptotics 

This appendix is devoted to the study of the asymptotic expansion of Green's 
function near a point of the boundary: 

Proposition B.l. Let SI C R 2 and assume that SI is of class C 2 around and 
that the tangent to dfl is perpendicular to x\. One has then as e — > 0, 

nl s 1 , |x-y| 2 +4xiyi K x x \y\ 2 + yi \x\ 2 

G{£x,ey) = — log 1 — '■ - £—-. - h o[e). 

v y; 4?r b \x~y\ 2 2vr \x - y\ 2 + ixiyi w 

uniformly on compact subsets of R+ x R^_, where K is the curvature of 9S1 at 0. 
In particular, 

1 K\x\ 2 

H(sx, ex) — — log 2exi — e— 1- o(e). 

2n 4ttxi 

Proof. Define 

/ \ 1/ 1 , \x - y\ 2 + 4x m \ 
^ W= elS l0g ^2 G(ra,ey)j. 

This function is defined for every x,y 6 Sl £ = {z 6 R 2 : ez <E SI}. Moreover, u> £j j, 
satisfies 

-Aiy £ja =0 in SI, 

w £)J/ = - — log : - on dft. 

Aire \x — y\ z 

By construction, w £ , y is a bounded function. We first claim that w £ty is bounded 
uniformly in L°°(S\) as e — > and y stays in a compact subset of R 2 . Indeed, since 
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is C 2 around 0, there exists r > such that if z G dVl n B(0,r), \zi\ < C\z2\ 2 . 
One has thus, for x G 90 £ n -6(0, |), |xi| < Ce|a;2 1 2 , and therefore, when e is small 
enough 

K.(*)l ^ T^Tp 

On the other hand, if x G d£l E \B(0, |), then if e is small enough, a; G 9f2 e n.B(0, ^) 
so that Xi < 2\x — y| and \x — y\ > ^, and 

\w £ , y \(x) < Ce. 

Since, is of class C 2 , there exists a function / : / C R — > R such that 
c3Sl n _B(0, r') = {(/(t),i) G O : t G /}. One has thus, using the Taylor expansion 
of / and recalling that /(0) = and /'(0) = 0, 

«>£,!/ W = log 1 + r ). 

47re V (e 1 f(ex 2 ) - yi) 2 + (x 2 - yi) 1 > 

Therefore, by classical regularity estimates, w e<y converges uniformly with re- 
spect to compact subsets of R+ x R 2 ^ to the unique bounded solution of 

' -Aw y = in R+, 

... _ /"(0) Vi4 



One can check that 



- , - . on <)Tl . . 

2tt yl + {x 2 -y 2 y + 

f"(0)y 1 (xl+ X 2 )+ Xl (yj + y 2 ) 

Wy[X) 



2tt (xi + yi) 2 + (x 2 - y 2 ) 2 
The announced expressions for G(ex, ey) and H(sx, ex) follow. □ 
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